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Abstract

We present new, efficient central schemes for multi-dimensional Hamilton-
Jacobi equations. These non-oscillatory, non-staggered schemes are first- and
second-order accurate and are designed to scale well with an increasing dimen-
sion. Efficiency is obtained by carefully choosing the location of the evolution
points and by using a one-dimensional projection step. First- and second-order
accuracy is verified for a variety of multi-dimensional, convex and non-convex
problems.
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1 Introduction

In this work we consider numerical approximations for solutions of multi-dimensional
Hamilton-Jacobi (HJ) equations of the form

99(Z,1)
ot

subject to the initial data ¢(Z,t=0) = ¢o(T).

Hamilton-Jacobi equations are of special interest in a variety of applications, such
as, e.g., optimal control theory, image processing, geometric optics, differential games
and the calculus of variations. When the Hamiltonian does not depend on @, solutions
for (1.1) with smooth initial data will typically remain continuous but will develop
discontinuous derivatives in finite time. Such solutions are not unique, and therefore

+ H(Z ¢, V) =0, TeRY, ' (1.1)
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a mechanism is required for singling out a “physically relevant solution”, the viscosity
solution. For convex Hamiltonians the viscosity solution coincides with the limit solution
obtained by the vanishing viscosity method [11]. Extensions to general Hamiltonians
were introduced by Crandall and Lions in [7], and have been systematically studied
thereafter in a series of works [3, 5, 6, 25].

Hamilton-Jacobi equations are closely related to hyperbolic conservation laws. Yet
while the literature on numerical methods for conservation laws is flourishing, very little
attention is given to numerical methods for HJ equations. This is surprising given
their increasing role in different applications. Crandall and Lions introduced in [8] first-
order numerical approximations to the viscosity solution of a simplified version of (1.1),
with a Hamiltonian that only depends on the derivative of ¢. Discontinuous Galerkin
(DG) methods for HJ equations were introduced in [10, 22]. Multi-dimensional DG
schemes are based on transforming a scalar equation into a weakly hyperbolic system
which is over- or under-determined, hence an additional least-squares step is required
to single out a solution. High-order Godunov-type methods were introduced in Shu
[32, 33], and were based on an Essentially Non-Oscillatory (ENO) reconstruction step
that was evolved in time with a first-order monotone flux. The least dissipative flux, the
Godunov flux, requires solving Riemann problems at cell interfaces. Central schemes
avoid these difficulties by evolving the solution in smooth regions, i.e., by averaging
over discontinuities. Such schemes have been widely studied for conservation laws, the
prototype being the first-order Lax-Friedrichs (LxF) scheme {9]. A one-dimensional
second-order extension is due to Nessyahu and Tadmor [31]. Central schemes do not
require Riemann solvers, which makes them suitable for solving systems of equations
and for multi-dimensional problems. Extensions to two-space dimensions were done in
(2, 14]; high-order central schemes were developed in [4, 23, 24, 28]; semi-discrete schemes

that reduced the numerical dissipation and eliminated the staggering were developed in
(16, 17, 19).

Central schemes have recently been extended to the HJ equations in [30], which
applied the first- and second-order staggered central schemes of (14, 31] to HJ equations
in one and two space dimensions. L' convergence of order one for this scheme was
proved in [29]. In {18}, a second-order semi-discrete scheme was presented, following the
techniques for hyperbolic conservation laws [16, 19]. While less dissipative, this scheme
requires the estimation of the local speed of propagation, which is computationally
intensive in particular in multi-dimensional problems. In a later work, [17], the numerical
viscosity was further reduced by computing more precise information about local speed
of propagation.

In this paper we derive non-staggered fully-discrete central schemes for approxi-
mating solutions of (1.1). These methods combine the ideas of [18, 30], with several
additional ingredients. Our scheme is presented as an N-dimensional algorithm which
is designed with special consideration to performance and scaling to higher dimensions.
We develop both first- and second-order accurate schemes. These schemes are based on
a projection step which is one-dimensional regardless of the dimension of the problem.
The methods described in this paper can also be thought of as the first step toward
higher-order schemes, which is the subject of a forthcoming paper.
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This paper is organized as follows: In Section 2 we develop our first and second
order scheme in one dimension. Section 3 is the heart of the paper, where we gen-
eralize these schemes to N dimensions, first introducing a multi-index notation, then
deriving the location of the evolution points, and finally presenting the algorithm. Sec-
tion 4 presents various examples, demonstrating the first- and second-order convergence
of these schemes. We present a sample code implementation of our 2D second-order
algorithm in the appendix.

Acknowledgment: We would like to thank Ian Mitchell for helpful discussions and for
suggesting the averaging strategy that is used to avoid staggering in the schemes. We
also thank Volker Elling for helpful comments on early drafts of this paper.

2 The One-Dimensional Scheme

Consider the one dimensional Hamilton-Jacobi (HJ) equation

¢+ H(¢z) =0, (2.1)

subject to the initial data ¢(z,t=0) = ¢o(z). In order to approximate solutions of (2.1)
we introduce a grid in space and time with mesh spacings, Az and At, respectively.
We denote the grid points by z; = ¢Az and t* = nAt, and the fixed mesh ratio by
A = At/Az. Let ¢F denote the approximate value of ¢ (z;,t"), and (p,); denote the
approximate value of the derivative ¢, (z;,t"). We define (Ay)?, 1= P — L.

Given @7, an approximate solution at time ¢, the approximate solution at the next

time step "1, ¢P*! is obtained as follows:

1. Reconstruct a continuous piecewise-polynomial from the data, ¢}, and sample it
at the half-integer points, {Z;11/2}, to obtain the values of P 1 and its derivative,
2

(¢z)7. The order of the polynomial is related to the overall order of accuracy of
the method.

2. Evolve 7, by solving (2.1) from time t" to time t"*!, obtaining @t This
2 2
evolution is done at the half-integer grid points where the reconstruction is smooth,
so long as the CFL condition A |H' ()| < 1/2 is satisfied.
3. Project go’::f back onto the integer grid points {z;} to get p*!
2

i .

2.1 A First Order Method

The derivation of the first-order method starts by reconstructing a piecewise-linear in-
terpolant of the form

(A0)iss
o (e, = 2 o+ h (= )| xiay 2, 2:2)

T
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where x;, 1 (z) is the characteristic function of the interval [z;, z;41). The values of the
interpolant (2.2) and its derivative at the half-integer grid points, 1 are

n n 1 n n (A‘p):;l
oy =R AL (el = g

Integrating (2.1) in time from " to t"*! at Ty gives

n n 1 n . n
ot =y - A ((0)y) = 07 % 5 (A0)ay ~ At (0.

Finally, we project the evolved solution back onto the original grid points. For a first-
order method it is sufficient to average 99?;11/2,

or e
ot = 2 2 (2.3)

2
g (B9 g (Bp)y
Arx + Az '
n+1

The intermediate values 7, /o are the same as those computed in the first-order
method in [31], so in one dimension we only add the projection step. This eliminates the
grid staggering in [31] with little computational cost since no additional flux evaluations
are required.

_ At

- ¢¢+§((Aw)?+%—(w)?—%) 2

2.2 A Second Order Method

The second-order scheme is based on a piecewise-quadratic interpolant of the form

(Ap)iys 1D (Ap)i,
¢ (z,t") = Z [99:-' + —A—;—Jr—z— (r — ;) + A 2

i
Here, D is a limiter whose goal is to prevent oscillations while maintaining the order of
accuracy of the method. There are various possibilities for choosing such limiters (see
[37]). One such example is the Min-Mod limiter,

Df; := MM [O(fi+1 - fi), %(fi+l — fii1), 0(fix1 — fi)| 1<6<2,

where the Min-Mod function is defined as

(z—zi) (z - $i+1):| Xi+%‘(2'4)

min; {z;}, ifall z; >0,
MM (zy, 2o, ...) := { max;{z;}, ifall z; <0,
0, otherwise.

Since the solution of the HJ equations generally has a discontinuous first-derivative, we
follow [18] by limiting the second-derivative. With the Min-Mod limiter, the second
derivative is approximated by D(Ap)?,, 5/ (Az)?, where

D(8elay = MM |0 ((Aey - (B0)y) 5 ((A0y -~ (B0IT,).

0 ((a0)7y - (B0)7y)]
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Sampling (2.4) and its derivative at the half-integer grid points gives

n n 1 n 1 n n (A"ID):L:!:l
‘Pii% = @; * E (A¢)li% - ‘8‘D (Atp)z:i:% y (991)1':}:% = A—m2.

We integrate (2.1) from time ¢" to time t**! using the second-order midpoint quadra-
ture

g+l

H (apx (azii%,t")) dt =~ AtH ((,91)::;> .

tn

The required mid-values, ¢, (xii 1 t""’%), can be predicted using a Taylor expansion,

1
P (.’Iiii%,t"+%) = Pz (zii%’ tn) + —At(PtI (l‘ii%,tn) + O ((At)2) =

2
=9, (fv,-ig»t") - %AtH’ (% (mi:i: ,t")) Paz (Iii%vtn) +0 ((At)°) =

(A¢)iy 1 ((A(P)?i%>D(A‘P)?i:%

~
~

Az 2 Az

which leads to

(ASO):;% 1, ., ((A‘p)?i%) 'D(Aﬁp)?ié) . (2.5)

mHl= ol —AtH | ——2 — -)\H
Piz] = Pix} ( Az 2 Az Az
Finally, we project (2.5) back onto the integer grid points using a quadratic interpolant

A 7‘1+1 1D(A Tl+l

i-3 Az 2 (Az)?
1 n 1 n
= ¢+ 5 ()T - 2D (Ae)T,
i 8
where (Ap)P = Lp?_:-%l - cp:‘f%l, and
n F n n 1 n n
DA™ = MM[8((A0)5 - (A0 5 (M) — (Be)),

0 (a0 - (a0 |

Remark. We would like to note that even in the 1D scheme, there are several differences
between our method and the second-order scheme in [30]. A second-order interpolant is
used to re-project the evolved fields back onto the original grid points, resulting with a
non-staggered grid compared with the staggered scheme in [30]. Also, we follow [18] by
applying the nonlinear slope limiters to the second derivative.
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3 GGeneralization to N Dimensions

We are concerned with approximating solutions of the N-dimensional HJ equation of
the form

¢ + H(V¢) =0, 7eRY, (3.1)

subject to the initial data ¢(Z,t) = ¢do(Z).

In Section 3.1 we introduce a multi-index notation, which allows a presentation
that nicely parallels the one-dimensional case. We then compite the optimal location
of the evolution points. Sections 3.2 and 3.3 develop the first- and second-order N-
dimensional schemes. The first-order method in §3.2 below applies as is to the case
where the Hamiltonian H depends also on £ and ¢. We extend the second-order method
of §3.3 to this more general case in a remark.

3.1 Preliminaries

A multi-index notation. We define the multi-index a = (o, s, . . ., ay), and denote

by z,, the point z, = (x&ll), xff}, e ,:cg:{,) ) € RY. Here %) denotes the k-th coordinate

of  so z) = ayAz®). For example, in the conventional three-dimensional notation

with indices ¢, j and k and components (z,y, 2), a = (3, j, k) and z, = (z;, ¥;, 2k)-

For a given a we define the special multi-indices o & e; := (e, ...,ax £ 1,...,an),
which denotes an increment in the k direction. Then ¢} = go(:vf,ll),a:f,?, . ,xf,’?; t") and
Onte, = o 2 £ Az® . g 4m). Finally, we denote the evolution points
with the multi-indices + := (o) £ a, a2 £ a,...,an *+ a), for some constant a, so that
o1 = ozl +aAz® 28 +anz®, ) + 0™ ).

The location of the evolution points. We would like to determine the optimal
location of the evolution points. For simplicity we assume a grid point at the origin,
z = (0,0,...,0), and scale the coordinates such that Yk, Az*) = 1. The two evolution
points will then be located at 4 = (+a, +a, ..., +a) for a constant a that is yet to be
determined.

Consider the evolution point ., which is at a distance v/ Na from the origin. The
value of ¢ at this point will be based on a polynomial that is constructed inside the
(hyper-) volume bounded by the coordinate planes and the (hyper-) plane Efil z® = 1.
There will be discontinuities in the first-derivative of the piecewise-polynomial inter-
polant ¢(z,t") along the sides of this hyper-volume. Since we evolve the solution in
smooth regions, an optimal choice of the evolution points is at an equidistant location

from these boundaries. The diagonal line (s, s, ..., s) (for some parameter s) intersects
the (hyper-)plane Efil 2 =1at s =1/N, or at the point z, = (4, %,..., %) which

is at a distance 1/v/ N from the origin (see Figure 3.1).
The optimal choice is to require that the evolution points are equidistant from the
coordinate planes and the intersection point z,. The distance from z to all the coordi-
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nate planes is a. The distance from z to z, is 1/v/ N —aV N, therefore the requirement
that z, be equidistant from the coordinate planes and z, is

1
N+ VN

The evolution points in [30] were chosen as a = 1/4, which places them equidistant
between the origin and the intersection point z,. In N dimensions this choice generalizes
to @ = (2N)~!. In our case, when N = 2, a = (2 + v/2)7! = 0.29 which is about 15%
larger than the choice @ = 1/4. When N =3, a = (3 + v3)~! = 0.21 which is about
30% larger than the choice a = 1/6. Thus the optimal choice of @ will allow larger mesh
ratios, leading to larger time steps and less dissipation.

@(x1t)

Figure 3.1: The location of the evolution points z3 and z, in 2D.

3.2 A First Order Method

For simplicity we assume that the spacing is identical in every direction, i.e., Az k) = Az,
for all k. Generalization of the methods below to the case where Ax! (k) £ Az for
k # j is straightforward. We define the forward- and backward-differences in the k-th
component as A}l := @7, — % and ALl = ) —~ 4, , Tespectively. At each grid
point z, we reconstruct two linear interpolants that are valid in the two hyper-quadrants

that contain the points z1 = z4 *+ (a,...,a)Ax,
n 9P
s (z,t7) = gl + Z Bkfa (;0) _ ). (3.2)

In order to compute the solution at the next time step at z,, we first compute the
solution at time t"*! at the evolution points z4, and then average these two values. The
value of the linear interpolant (3.2) at z4 is

p(ry, t") = :taZAkcpa,
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and its derivative is
+
(Vo) = Aten  Ayva
= Az 77 Az
Hence, the values at the evolution points z. at the next time step, t"*!, are given by

tntt

") = (g, t") — H (Vo (ze,t™)dt = p(zs,t") — AtH (Vo)}) =

tVl

ALpr Afen
+ n 1 ¥Ya NYa
_%iaE:A —AtH( o x).

QO(Ii,

The value at t**! at z, is finally obtained by averaging ¢3! := ¢ (z4,t"*') (compare

with (2.3)),
1
oot = §(<p1“+so’l“)= (3.3)
N
= (Z Afeh =Y Af 902) -
k=1
At Afy Afva AT g Ayen
-= Sifa  NPa) g Zi¥e ) ).
2<H<A:1:” ’Ax)+ (Am’ ’Am))

3.3 A Second Order Method

For simplicity we assume again that the mesh spacing is identical in every spatial di-
rection, i.e., Az®¥) = Az, for all k. Similarly to the 1D case in Section 2.2, the N-
dimensional second-order method is based on a piecewise-quadratic polynomial. For
every grid node we reconstruct two NN-dimensional quadratic interpolants: ¢, (x,t")
for the hyper-quadrant along the positive diagonal, and ¢_ (z,t") along the negative
diagonal (see Figure 3.1),

N :!:
px (@) == @+ ) =t BifB (40 _ o) 4 | (34)
k=1 ,
DkAk Pa [ (k) _ (k) ( (k) _ (k) )
+2; (A:I;) ( z, ) T a:tek +
! Z Z D, Ak “Pa 20— 20 (a® — o)
j=1 k=1
k#j

The Min-Mod limiter in the j-th direction acting on Ak wo is
D, Ak P = MM [9 (Ak Soa+e mEAYS ‘Pa) J

%(Ak‘ﬁoaﬂ, Ay pa e,) ,G(Aknpa Af ol e))],
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so that D;AFn/ (Az)? approximates the second derivative 8%p (zq,t") /0z9)9z*).
Now :c(k) =¥ = taAr, x(f) xs,klek = (a — 1) Az and :c(k) ,(:)ek =—(a—-1)Azx
so evaluating (3.4) at T4

‘pi = (pi(x:l:atn)z
2

N N
(pa:taZAk(pa I)ZDAk(Pa+%ZZ J k<,02-
pire

=1k

The approximation to the first derivative of (3.4) in the p-th direction is given by

Oox (z,t)  _ AFeh  DoldJOa 1 o) ) ® _ @) ]
azp) ¥ Az T Q(A )2 [(‘T* ~Ta )+(I* _x"‘ie?) +

k
+ 7 Z Agon + Dil3e7) (xi) - :rﬁf)) ,
k#p

which when evaluated at z. is

( ¢ )" _ Ops (m,t")l _

oz ® oz(P)

_Arvn  20-1DA00;  a i": D,Afpn + DiAEen
Az 2 Az 2 & Az

k#p
The approximation to the second derivative is given by

FPor ' DA+ D Ai%
oD or® o 2 (A:E)

The solution at the next time step at the evolution points @it! is obtained by

evolving the reconstruction (3.4) according to (3.1). The integral of the Hamiltonian
n+1
is approximated by a second-order midpoint quadrature, fti+ H (Vo (i, t"))dt =
ntl
AtH ((V(p)gz), which at the evolution points gives

i =g - AtH (V)17 (3.5)

Here (V) = ((%}%—,)l ey (a—f(‘%))l) denotes the approximation to the gradient at

z4. The mid-values in time can be estimated via the Taylor expansion using (3.1),

d¢ ntd 0 . At 82 .
pe) (mi,t *2) = 5.0 "; (z+,t") + —Q—ﬁ(ri,t )+ O (At?) = (3.6)

dp N At 9 . 52 .
) (z2,8") = = Z 52 H (Ve (zs,t ))m (z4,t") +O( t2)

k=1~ 3x(k
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n 1 n n N n n
( B ) T ARl 20— 1DpA0¢h igZDpAfsoﬁDkA:%_

oz'P) J | Ax 2 Az 2 & Az
k#p
N + n + .n
At a Dol + DD on
_7233 H((V‘P)i) 2 k2 Az —.

k=1 Eﬁ' (Az)
K xl’+lj+l
D ’ ’x(*l)—

xi—lJ-l

Figure 3.2: The location of the points =, r_, z(~1)+ and z(41)- used in the projection
step along with the distances Dy, D, and D_ in the two dimensional case.

All that remains is to project (3.5) back onto the original grid points, z,. This
projection is one-dimensional regardless of N. We use the four evolution points z4, z_,

T4 1= (:cgl) — Az +aAzW 2D — Az 4 aAz®, . g - Az 4 an(N)) and

T(41)- = (:cgl) + Az — aAz® 1P + Az® —aAZ® | 2 + Az aA:r(N)) (see
Figure 3.2). The distances between the evolution points are Dy := |z, —z_| =
2avVNAz, D, = i:r(+1)_ — x+| = (1 - 2a) vNAz, and D_ := lm(_l)_,_ - J:_| = D,.
We then define the approximations to the first derivative along the diagonal,

n n n 1 n+l _  n+l
(d(,0)0+1 L ‘P++1 - ‘19—+1 (d‘P)T_ — Pey- — P+

Dy Dy ’ D, D, ’

(d‘P)':+1 ‘PT—I - (P?jllH_

D_ D_
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The approximation to the second derivative is the limited difference D (d(,o)(',”rl /Do,
where Dy = % (Do + D, ), and

ntl o de)™ (do)d™ ) 1 (o) (de)™t!
D(dp)y™' = MM[G( D: - D )5( b. "D ) (3.7)

; ( (do)g™ (dso):‘*‘)]
Dy D_ '

The approximated value at the next time step t"*! at the grid point z, is therefore
given by

n+1 n+1
n+1 n+1 (dLIQ)O D (dtp)O
a = -+ To =T )+ —————Ta—ZT_)(Ta— T
© © Do ( ) 2D, ( ) ( +)
_ e $E—™ Do Ddp)g"™ Df
- Do 2 2D, 4
1 +1 +1 Dg n+l1
= = (" ntly _ 0 pqg
5 (o7 + o™ 8D. (de)o™

where p7*! is given by (3.5) and D (dp);t" is given by (3.8).
Remarks.

1. If the Hamiltonian H depends also on Z and ¢, then (3.5) becomes

1
n+5

n n — 'n-‘+'l
et = ot — AtH (1»', vy 5, (Vo) 2) ,
where

nti n At - n n
Yt = Pr — —2~H (:Ca(p:i:v (V(p):{:) ’

and the Taylor expansion (3.6) contains the additional term

At [ 0 » 0 *’ s
_7 WH(x)gav VSO) + %H(I’ (p, V(p) aI(P)] ‘(zi tn) '

2. We would like to stress that the fully-discrete scheme in [18] that was derived as an
intermediate step in developing the semi-discrete scheme, was only first-order in
time. Moreover, in 2D our scheme is based only on two flux evaluations compared
with four flux evaluations in {17, 18]. It also does not require any estimation of
the local speed of propagation at every grid point (as required in [17, 18]) at the
price of being more dissipative.

We would like to summarize the secdnd—ofder N-dimensional algorithm for a general
Hamiltonian H(Z, ¢, Vo) :
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Algorithm 3.1 Let the distance of the evolution points from the origin be a = N+1_\/_1\7
1. For each grid node z, and each k compute

Zkk Soa = (pa+ek SOZ and A;<pg = (pg - "pg—ek .

2. For each grid node z, and for each j and k compute

DAt = MM [9 (Ak e, — O %) , (A,c e, — AFQR ) ,

9 (Akcpa AEgr_ )] .
3. For each grid node =, compute

2

N N
:i:aZAkgoa ZDkAk‘Pa %—ZZDA,C(;:Q,
= s

and for each p compute

dp \" _ Ajen i?a — 1D AS ¢, L@ EN: DALk + D0
ozP T Az 2 Az 2 & Az
k#p

&p n+% n a Lo n
(W)i ( ) 2 [azu»)H (¢4 (Ve)) +
oo \"

’D LA QR + DkAfcng

QJ

I
2y
acp
N
+ 0%, (V)i
Zag% (Z, 01, (Vo)1)

k=1 T

2 (Az)?
il
oitt = o — AtH ((Vo)L™?),
where H ((ch)l) =H ((B—%T)l EREE (%)1) :

4. Let Dy = 2av/NAz, D, = D_ = (1 — 2a) VNAz. For each 1, compute

n n n n +1 1 n ntl !
o™ it - el _ gl - R (R iy,

Do Do ' D, D, ' D_ D_
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(where o £ 1 is the multi-index (on £ 1,...,ay £1) )

n+1 n+ n+1 ntl
D(dey™ = MM [9((d‘p)+ (o) ) 1((d«p>+ o )

D, Do J'2\ D D_

6 ( (do)t' (dap)':“)}
Dy D_ ’

5. For each z, compute

(pn-H — l ((pn+l + (Pn+1) = _%D (d )n+1
@ 2 \Tat e~/ 8D, o

4 Numerical Examples

We demonstrate the schemes developed in Section 2 and Section 3 with several examples.
Most of these examples are standard test cases that can be found, e.g., in [18, 30, 33].

Example 1: A convex Hamiltonian

We start by testing the performance of our schemes on a convex Hamiltonian. We
approximate solutions of the one-dimensional equation

bt 5 (6e 1) =0, (1)

subject to the initial data ¢(z,0) = — cos(mz) and to periodic boundary conditions on
[0,2]. The change of variables, u (z,t) = ¢, (z,t) + 1, transforms the equation into the
Burger’s equation, ut—i—% (uz)x = (, which can be solved via the method of characteristics
[33]). As is well known, Burger’s equation generally develops discontinuous solutions even
with smooth initial data, and hence we expect the solutions of (4.1) to have discontinuous
derivatives. In our case, the solution develops a singularity at time t = 7 2.

The results of our simulations are shown in Figure 4.1 and Figure 4.2. The order
of accuracy of these methods is determined from the L!-norm of the error (see [29]).
The results before the singularity, at T = 0.8/72, are given in Table 4.1, and after the
singularity at T = 1.5/7% in Table 4.2.

In 2D we solve a similar problem

1
bt 5 (Gt by + 1)’ =0, (4.2)

which can be reduced to a one-dimensional problem via the coordinate transformation
( f’ ) = % ( i _11 ) ( ; ) The results of the second-order calculations for the
initial data ¢ (z,y,0) = —cos (n(z + y)/2) = — cos (n§) are shown in Figures 4.3-4.4.
The convergence rates for the first- and second-order 2D schemes before and after the
development of the singularity are shown in Tables 4.3-4.4.
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First-order method || Second-order method
N |[ L -error | L'-order | L'-error | L'-order
40 || 0.0342 ~ 6.14x107° -
80 || 0.0172 1.00 1.53x1073 |  2.00
160 || 0.0082 1.06 3.62x107% | 208
320 || 0.0040 1.03 8.77x107° 2.04

Table 4.1: L!-errors for the 1D convex HJ problem (4.1) before the singularity formation.

T = 0.8/m.

First-order method || Second-order method
N || L'-error | L -order || L'-error | L'-order
40 0.0788 - 0.0110 -
80 0.0379 1.06 2.70x1073 2.03
160 | 0.0183 1.05 6.79x10~% | 1.99
320 || 0.0091 1.00 2.28x107° 1.57

Table 4.2: L'-errors for the 1D convex HJ problem (4.1) after the formation of the singularity.

T = 15/n2

First-order method Second-order method
N || L'-error | L'-order | L'-error | L'-order
50 || 0.299819 - 0.0261816 -
100 || 0.144967 1.05 0.0061162 2.10
200 || 0.0712024 1.03 0.00146501 2.06

Table 4.3: L!-errors for the 2D convex HJ problem (4.2) before the singularity formation.

T =0.8/7%

Second-order method

First-order method
N || L'-error | L'-order | L'-error | L'-order
50 0.44437 - 0.0356362 -
100 || 0.215055 1.05 0.0101615 1.81
200 || 0.104421 1.02 0.00237225 2.10

Table 4.4: L'-errors for the 2D convex HJ problem (4.2) after the singularity formation.

T = 1.5/72.
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We proceed with a 3D generalization of (4.2),

1
Gt 5 (0xt+ 0y + 0+ 1) =0, (4.3)

subject to the initial data ¢ (z,y,0) = — cos (7(z +y + 2)/3). The convergence results
for the first- and second-order 3D schemes before and after the singularity formation
are given in Tables 4.5-4.6.

Second-order method
L-error | L'-order

First-order method
N || LT-error | L'-order

50 5.932 - 0.672 -
100 2.838 1.06 0.155 2.12
200 1.76 0.69 0.041 1.92

Table 4.5: L'-errors for the 3D convex HJ problem (4.3) before the singularity formation.

T = 0.08.

First-order method || Second-order method
N || L*-error [ LT-order | L'-error | L'-order
50 8.801 - 0.776 -
100 4.148 1.09 0.171 2.18
200 2.138 0.96 0.055 1.65

Table 4.6: L!-errors for the 3D convex HJ problem (4.3) after the singularity formation.
7 = 0.152.

Example 2: A non-convex Hamiltonian

In this example we deal with non-convex Hamilton-Jacobi equations. In 1D we solve
¢ — cos (¢ + 1) =0, (4.4)

subject to the initial data, ¢ (z,0) = —cos(wz), and periodic boundary conditions
on [0,2]. In this case, (4.4), has a smooth solution for ¢ < 1.049/n?, after which a
singularity forms. A second singularity forms at t & 1.29/x%. The results are shown in
Figures 4.5-4.6. The convergence results before and after the singularity formation are
given in Tables 4.7-4.8.

In 2D we solve

¢r —cos (¢ + ¢, +1) =0, (4.5)

subject to the initial data, ¢ (x,y,0) = —cos (7(z + y)/2), and periodic boundary con-
ditions. The results are shown in Figures 4.7-4.8. The convergence results for the first-
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First-order method || Second-order method
N || L -error | L'-order | L'-error | L'-order
40 || 0.0406 - 7.71x1073 —
80 || 0.0206 0.99 2.00x1073 | 195
160 || 0.0099 1.06 4.75x107% |  2.07
320 | 0.0048 1.03 1.16x107% | 2.04
Table 4.7: L!-errors for the 1D non-convex HJ problem (4.4) before the singularity formation.
T =0.8/x2
First-order method || Second-order method
N |[ LT-error | LT-order || L'-error | L'-order
40 0.1057 - 0.0248 -
80 || 0.0515 1.04 6.92x1073 | 1.84
160 || 0.0248 1.05 1.89x1073 1.87
320 | 0.0121 1.04 4.96x107% | 1.93
Table 4.8: L!-errors for the 1D non-convex HJ problem (4.4) after the singularity formation.
T = 15/xn2.
First-order method Second-order method
N || L'-error | L'-order | L'-error | L'-order
50 || 0.4046612 - 0.0402387 -
100 || 0.195242 1.05 0.00999105 2.01
200 || 0.0958819 1.03 0.0024644 2.02

Table 4.9: L!-errors for the 2D non-convex HJ problem (4.5) before the singularity formation.

T =0.8/72.

Second-order method

First-order method
N || Li-error | L'-order || L'-error | L'-order
50 || 0.705644 - 0.0837231 -
100 || 0.334981 1.07 0.0215121 1.96
200 |1 0.161502 1.05 0.00555327 1.95

Table 4.10: L'-errors for the 2D non-convex HJ problem (4.5) after the singularity formation

T =1.5/x2
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and second-order 2D schemes before and after the singularity formation are given in
Tables 4.9-4.10 and confirm the expected order of accuracy of our methods.
The extension of (4.5) to 3D reads

¢t — COs (¢I + ¢y + ¢, + 1) =0, (46)

The initial data is taken as ¢ (z,y,0) = —cos (7(x + vy + z)/3) . The convergence rates
for the first- and second-order 3D schemes are given in Tables 4.11-4.12.

First-order method || Second-order method
N Ll-error] L-order || L'-error | L-order

50 5.071 - 0.603 -
100 2.55 0.99 0.150 2.01
200 1.142 1.16 0.035 210

Table 4.11: L'-errors for the 3D non-convex HJ problem (4.6) before the singularity forma-
tion. T = 0.08.

First-order method || Second-order method

N || LT-error | L'-order || L -error | L'-order
50 8594 - 1.100 -
100 4.26 1.01 0.299 1.88
200 1.913 1.16 0.075 1.99

Table 4.12: L!-errors for the 3D non-convex HJ problem (4.6) after the singularity formation.
T = 0.152.

" Example 3: A linear advection equation

In this example we solve the 1D linear advection equation, i.e., the Hamiltonian is taken
as H (¢.) = ¢,. We assume periodic boundary conditions on [—1, 1], and take the initial
data as ¢ (z,0) = g (z — 0.5) on [—1, 1], where

g(z)z—(£+9+2—ﬂ) (z+ 1)+ h{x),

2 2 3
2cos (322%) — /3, ~l<z<—3,
3 1
_} 5+ 3cos(2rz), -3 <z <0,
h(z) = %—3cos(27r:c), 0<z<3,

5 (28 + 47 + cos (3mz)) — 7= cos (3z) s<zr<l

This example was designed as to be similar to the one used in [12]. An error in that
reference prevents us from repeating it exactly. The results of the second-order method
are shown in Figure 4.9. The dissipation effects are visible in the round-off of the corners.
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Example 4: 2D eikonal equation in geometric optics

We demonstrate the results obtained with the 2D scheme on the non-convex problem

{ b+ /PI+ P +1=0, (4.7)

¢ (z,y,0) = 1 (cos (2rx) — 1) (cos (2my) — 1) — 1.

This model arises in geometric optics [15]. The results of our second-order method at
time T = 0.6 are shown in Figure 4.10, where we see the sharp corners that develop in
this problem, in agreement with the results in [30].

Example 5: Optimal control

We solve a 2D problem with a more general Hamiltonian of the form H(x,y, V¢). This
is an optimal control problem related to cost determination [33].

¢r — sin (y) ¢z + sin (z) @y + |¢,| — 5sin® (y) — 1 + cos (z) = 0, (4.8)
¢ (z,y,0) = 0. '

This example develops a complex singularity structure. The result of our second-
order scheme is in qualitative agreement with [30] as can be seen in Figure 4.11.

1 1 L 1 1 L 1 L 1
0 0.2 04 0.6 08 1 12 14 1.6 18 2

Figure 4.1: Example 1. The 1D convex Hamiltonian (4.1) before the formation of singu-
larities. T = 0.8/w2. N = 100. Shown are the first-order approximation, the second-order
approximation and the exact solution.
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Figure 4.2: Example 1. The 1D convex Hamiltonian (4.1) after the formation of singular-
ities. T = 1.5/7%2. N = 100. Shown are the first-order approximation, the second-order
approximation and the exact solution.

Figure 4.3: Example 1. The 2D convex Hamiltonian (4.2) before the formation of singular-
ities. 7= 0.8/72. N =40 x 40.
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Figure 4.4: Example 1. The 2D convex Hamiltonian (4.2) after the formation of singularities.
T = 1.5/7% N = 40 x 40.

15 T T T T T T T T T

1st-order method
2nd-order method
exact

o+
O+

Figure 4.5: Example 2. The 1D non-convex Hamiltonian (4.4) before the formation of
singularities. 7 = 0.8/72. N = 100. Shown are the first-order approximation, the second-
order approximation and the exact solution.
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1.5 T T T T T T T T T

1st-order method
2nd-order method
exact

O+
o+

Figure 4.6: Example 2. The 1D non-convex Hamiltonian (4.4) after the formation of
singularities. T = 1.5/7%2. N = 100. Shown are the first-order approximation, the second-
order approximation and the exact solution.

Figure 4.7: Example 2. The 2D non-convex Hamiltonian (4.2) before the formation of
singularities. T = 0.8/72. N = 40 x 40.
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Figure 4.8: Example 2. The 2D non-convex Hamiltonian (4.2) after the formation of
singularities. T = 1.5/7%. N = 40 x 40.

t=2 t=4
0 0
-1 -1
-2 -2
-3 -3
-4 -4
-5 ] -5
B -05 0 05 1 B -05 0 05 1
t=8 1=16
0 0
-1 -1
-2 -2
-3 -3
-4 -4
-5 -5
-8 05 0 05 1 -8, -05 0 05 1

Figure 4.9: Example 3. A 1D linear advection problem. N = 400.
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\\“\\“.‘l\‘

0.5

Figure 4.10: Example 4. The 2D eikonal equation (4.7). N = 40 x 40. Left: the initial
data. Right: the solution at T = 0.6.
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7
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Figure 4.11: Example 5. The 2D optimal control problem (4.8). T =1. N = 40 x 40.
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Appendix A: A Second-Order 2D MATLAB Imple-

mentation

We present an example of a MATLAB implementation of Algorithm 3.1 in 2D. The
following code provides the core computations for a single time step, but does not include

any handling of boundary conditions.

The functions H(phix, phiy), Hphix(phix,

phiy) and Hphiy(phix, phiy) return, respectively, the Hamiltonian H (¢, py) and
the derivatives of the Hamiltonian aH(a“‘::""“) and aHS’;"“’”). The function minmod is the
slope limiter defined in Section 2.2. Thig code is somgwhat optimized for speed at the
expense of storage, and h := Az, k := At.

al = 1/(2 + sqrt(2));
als(al-1)/2;
a3 = alsal/2;

&

a4 = (2*al-1)/2;
aS = al/2;

h2 = hxh;

twoh2 = 2+h2;
kover2 = k/2;

for i=1:N

for j=1:N % compute the first differences

dphix(i,j) = phi(i+1,j) - phi(i,j);
dphiy(i,j) = phi(i,j+1) - phi(4i,j);

end
end
for i=1:N
im = i-1;

ip = i+l

for j=1:N % compute the limited second

jm = j-1;
jp = i+
dphixx(i,j) =
dphiyx(i,j) =
dphixy(i,j) =
dphiyy(i,j) =
end
end
for i=1:N
for j=1:N
im = i-1;

jm o= 3ot

minmod (dphix(ip, j)
minmod (dphiy{ip, j)
minmod(dphix (i, jp)
minmod (dphiy (i, jp)

differences

dphix(i,j), dphix(ip,j)
dphiy(i,j), dphiy(ip,j)
dphix(i,j), dphix(i,jp)
dphiy(i,j), dphiy(i,jp)

dphixyp = dphiyx(i,j) + dphixy(i,j);

dphixym = dphiyx(i,jm) + dphixy(im,j);
phip = phi(i,j) + als(dphix(i,j) + dphiy(i,j)) + a2«(dphixx(i,j) + dphiyy(i,j)) + a3=dphixyp;

dphix(im,j), dphix(i,j)
dphiy(im,j), dphiy(i,j)
dphix(i, jm), dphix(i,j)
dphiy(i,jm), dphiy(i,j)

dphix(im,j));
dphiy(im,j));
dphix(i, jm));
dphiy(i,jm));



end

end

CENTRAL ScHEMES FOR HJ EQUATIONS 25

phim = phi(i,j) - als(dphix(im,j) + dphiy(i,jm)) + a2+(dphixx(im,j) + dphiyy(i,jm)) + adedphixym;
phixp = (dphix(i,j) + ad+dphixx(i,j) + aSedphixyp)/h;

phiyp = (dphiy(i,j) + ad=dphiyy(i,j) + aSsdphixyp)/h;

phixm = (dphix(im,j) - ad4+»dphixx(im,j) - aS=dphixym)/h;

phiym = (dphiy(i,jm) - ad=dphiyy(i,jm) - aS»dphixym)/h;

phixtp = -Hphix(phixp, phiyp)*dphixx(i,j)/h2 - Hphiy(phixp, phiyp)=*dphixyp/twoh2;
phiytp = -Hphix(phixp, phiyp)sdphixyp/twoh2 - Hphiy(phixp, phiyp)*dphiyy(i,j)/h2;
phixtm = ~Hphix(phixm, phiym)+dphixx(im,j)/h2 - Hphiy(phixm, phiym)=dphixym/twoh2;
phiytm = -Hphix(phixm, phiym)+*dphixym/twoh2 - Hphiy(phixm, phiym)=dphiyy(i,jm)/h2;
phihatp(i,j) = phip - k+H(phixp + kover2+phixtp, phiyp + kover2sphiytp);
phihatm(i,j) = phim - k+H(phixm + kover2+phixtm, phiym + kover2sphiytm);

Dp = (1-2%al)=hssqrt(2);

Dm = Dp;

D2 = (DO + Dp)/2;
DO208D2 = DO+DO/(8+D2);

for i=1:N

for j=1:N

end

end

ip = i+1;

p = j+1;

im = i-1;

jmo= j-1;

dphi0 = (phihatp(i,j) - phihatm(i,j))/DO;

dphip = (phihatm(ip,jp) - phihatp(i,j))/Dp;

dphim = (phihatm(i,j) - phihatp(im,jm))/Dm;

d2phi = minmod(dphip - dphiO, dphip - dphim, dphi0O - dphim);
phi(i,j) = (phihatp(i,j) + phihatm(i,j))/2 - DO208D2sd2phi;
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